This document is an introduction to the use of the point-centered quarter method. It briefly outlines its history, its methodology, and some of the practical issues (and modifications) that inevitably arise with its use in the field. Additionally this paper shows how data collected using point-centered quarter method sampling may be used to determine importance values of different species of trees and describes and derives several methods of estimating plant density and corresponding confidence intervals.
Introduction and History
A wide variety of methods have been used to study forest structure parameters such as population density, basal area, and biomass. While these are sometimes estimated using aerial surveys or photographs, most studies involve measurement of these characteristics for individual trees using a number of different sampling methods. These methods fall into two broad categories: plot-based and plot-less. Plot-based methods begin with one or more plots (quadrats, belts) of known area in which the characteristics of interest are measured for each plant. In contrast, plot-less methods involve measuring distances for a random sample of trees, typically along a transect, and recording the characteristics of interest for this sample. The point-centered quarter method is one such plot-less method.
The advantage to using plot-less methods rather than standard plot-based techniques is that they tend to be more efficient. Plot-less methods are faster, require less equipment, and may require fewer workers. However, the main advantage is speed. The question, then, is whether accuracy is sacrificed in the process.
Stearns (1949) indicated that the point-centered quarter method dates back a least 150 years and was used by surveyors in the mid-nineteenth century making the first surveys of government land. In the late 1940s and early 1950s, several articles appeared that described a variety of plot-less methods and compared them to sampling by quadrats. In particular, Cottam et al. (1953) compared the pointcentered quarter method to quadrat sampling and derived empirically a formula that could be used to estimate population density from the distance data collected. Since the current paper is intended as an introduction to these methods, it is worth reminding ourselves what the goal of these methods is by recalling part of the introduction to their paper:
As our knowledge of plant communities increases, greater emphasis is being placed on the methods used to measure the characteristics of these communities. Succeeding decades have shown a trend toward the use of quantitative methods, with purely descriptive methods becoming less common. One reason for the use of quantitative techniques is that the resulting data are not tinged by the subjective bias of the investigator. The results are presumed to represent the vegetation as it actually exists; any other investigator should be able to employ the same methods in the same communities and secure approximately the same data.
Under the assumption that trees are distributed randomly throughout the survey site, Morisita (1954) provided a mathematical proof for the formula that Cottam et al. (1953) had derived empirically for the estimation of population density using the point-centered quarter method. In other words, the pointcentered quarter method could, in fact, be used to obtain accurate estimates of population densities with the advantage that the point-centered quarter method data could be collected more quickly than quadrat data. Subsequently, Cottam and Curtis (1956) provided a more detailed comparison of the point-centered quarter method and three other plot-less methods (the closest individual, the nearest neighbor, and the random pairs methods). Their conclusion was:
The quarter method gives the least variable results for distance determinations, provides more data per sampling point, and is the least susceptible to subjective bias.. . .
It is the opinion of the authors that the quarter method is, in most respects, superior to the other distance methods studied, and its use is recommended. Beasom and Haucke (1975) compared the same four plotless methods and also concluded that pointcentered quarter method provides the most accurate estimate of density. In a comparison of a more diverse set of methods (Engeman et al., 1994) have a more nuanced opinion of whether the point-centered quarter method is more efficient in the field and more accurate in its density estimates, especially in situations where individuals are not distributed randomly.
In recent years, as the point-centered quarter method has been used more widely, variations have been proposed by Dahdouh-Guebas and Koedam (2006) to address a number of practical problems that arise in the field (multi-stem trees, quarters where no trees are immediately present).
One use of the point-centered quarter method is to determine the relative importance of the various tree species in a community. The term "importance" can mean many things depending on the context. An obvious factor influencing the importance of a species to a community is the number of trees present of that species. However, the importance of some number of small trees is not the same as the importance of the same number of large trees. So the size of the trees also plays a role. Further, how the trees are distributed throughout the community also has an effect. A number of trees of the same species clumped together should have a different importance value than the same number of trees distributed more evenly throughout the community.
Measuring importance can aid understanding the successional stages of a forest habitat. At different stages, different species of trees will dominate. Importance values are one objective way of measuring this dominance.
The three factors that we will use to determine the importance value of a species are the density, the size, and the frequency (distribution). Ideally, to estimate these factors, one would take a large sample, measuring, say, all the trees in a 100 × 100 meter square (a hectare). This can be extraordinarily time consuming if the trees are very dense. The point-centered quarter method provides a quick way to make such estimates by using a series of measurements along a transect.
Materials and Methods
The procedure outlined below describes how to carry out point-centered quarter method data collection along a 100 m transect. It can be scaled up or down, as appropriate, for longer or shorter transects. While this analysis can be carried out alone, groups of two or three can make for very efficient data collection. Material requirements include 50 or 100 meter tape, a shorter 5 or 10 meter tape, a notebook, a calculator, and a table of random numbers (Table 16 ) if the calculator cannot generate them.
1. Generate a list of 15 to 20 random two-digit numbers. If the difference of any two is 4 or less, cross out the second listed number. There should be 10 or more two-digit numbers remaining; if not, generate additional ones. List the first 10 remaining numbers in increasing order. It is important to generate this list before doing any measurements.
3. The random numbers represent the distances along the transect at which data will be collected. Random numbers are used to eliminate bias. Everyone always wants to measure that BIG tree along the transect, but such trees may not be representative of the community.
1 The reason for making sure that points are at least 5 meters apart is so that the same trees will not be measured repeatedly. Caution: If trees are particularly sparse, both the length of the transect and the minimum distance between points may need to be increased.
4. The smallest random number determines the first sampling point along the transect. At this (and every sampling) point, run an imaginary line perpendicular to the transect. This line and the transect divide the world into four quarters (hence the name, point-centered quarter method). 5. Select one of the quarters. In that quarter, locate the tree nearest to the sampling point. For the purposes of this exercise, to be counted as a "tree" it should have a minimum diameter of 4 cm or, equivalently, a minimum circumference of 12.5 cm. (Caution: In other situations, different minimum values may apply.)
For the each sampling point, record:
(a) the quarter number (I, II, III, or IV);
(b) the distance from the sampling point to the center of the trunk of the tree to the nearest 0.1 m (Caution: Review Appendix A on the 30-300 Rule.);
(c) the species of the tree;
(d) and the diameter at breast height (DBH) or circumference at chest height (CCH) to the nearest cm, but again observe the 30-300 Rule. Note: Brokaw and Thompson (2000) have shown that it is important to use the same height to measure the diameter or circumference. They suggest using a standard height of 130 cm and employing the notation D 130 rather than DBH to indicate this. Whatever height is used should be explicitly noted in the results. Note: Tree calipers are an easy way to measure diameters, but are often unavailable. It may be more convenient to measure the girth (circumference) of each tree instead of the diameter. Cautions: If a tape is used to measure DBH, avoid protrusions on the trunk. If calipers are used, an average from three caliper readings is recorded. If girths are recorded, rather than convert each girth to a diameter, change the column heading from DBH to CCH. Make the appropriate scaling adjustment in later calculations whenever diameters are involved.
See Table 1 for how this data should be organized. Repeat this for the other three quarters at this sampling point. If a tree species cannot be identified, simply record it as A, B, C, etc., and collect and label a sample leaf that for comparison purposes at other quarters and later taxonomic identification.
6. Repeat this process for the entire set of sampling points.
1 Even Cottam and Curtis (1956) warn us about this tendency: "Repeated sampling of the same stand with different investigators indicates that some individuals have a tendency to place the sampling points so that large or unusual trees occur more commonly than they occur in the stand."
7. Carry out the data analysis as described below.
For trees with multiple trunks at breast height, record the diameter (circumference) of each trunk separately. What is the minimum allowed diameter of each trunk in a such multi-trunk tree? Such decisions should be spelled out in the methods section of the resulting report. At a minimum, one should ensure that the combined cross-sectional areas of all trunks meet the previously established minimum cross-sectional area for a single trunk tree. For example, with a 4 cm minimum diameter for a single trunk, the minimum cross-sectional area is πr 2 = π(2) 2 = 4π ≈ 12.6 cm 2 .
Data Organization and Notation
The Data Layout Table 1 illustrates how the data should be organized for the point-centered quarter method analysis. Note the multi-trunk Accacia (8 cm, 6 cm; D 130 ) in the third quarter at the second sampling point. The only calculation required at this stage is to sum the distances from the sample points to each of the trees that was measured. Note: A sample of only five points as in Table 1 is too few for most studies. These data are presented only to illustrate the method of analysis in a concise way. 
Notation
We will use the following notation throughout this paper.
n the number of sample points along the transect 4n the number of samples or observations one for each quarter at each point i a particular transect point, where i = 1, . . . , n j a quarter at a transect point, where j = 1, . . . , 4 R ij the point-to-tree distance at point i in quarter j
For example, the sum of the distances in the Table 1 is
R ij = 40.9.
Basic Analysis
The next three subsections outline the estimation of density, frequency, and cover. The most widely studied of the three is density. In Section 5 we present a more robust way to determine the both a point estimate and a confidence interval for population density. In this section density, frequency, and cover are defined both in absolute and relative terms. The relative measures are then combined to create a measure of relative importance.
Density

Absolute Density
The absolute density λ of trees is defined as the number of trees per unit area. Since λ is most easily estimated per square meter and since a hectare is 10,000 m 2 , λ is often multiplied by 10,000 to express the number of tree per hectare. The distances measured using the point-centered quarter method may be used to estimate λ to avoid having to count every tree within such a large area.
Note that if λ is given as trees/m 2 , then its reciprocal 1/λ is the mean area occupied by a single tree. This observation is the basis for the following estimate of λ. (Also see Section 5.)
From the transect information, determine the mean distancer, which is the sum of the nearest neighbor distances in the quarters surveyed divided by the number of quarters,
For the data in Table 1 ,r = 40.9 20 = 2.05 m. Cottam et al. (1953) showed empirically and Morisita (1954) demonstrated mathematically thatr is actually an estimate of 1/λ, the square root of the mean area occupied by a single tree. Consequently, an estimate of the density is given by
For the data in Table 1 ,λ = 1 r 2 = 1 2.05 2 = 0.2380 trees/m 2 , or, equivalently, 2380 trees/ha. One way to "see this" is to imagine a forest where the trees are uniformly distributed on a square grid whose sides arer = 2.05 m long. If a tree is located at the center of each square in this "forest," then the mean distancer between trees is 2.05 m. Such a forest is illustrated in Figure 2 . Each tree occupies a square side 2.05 m and so the density is 1/2. 
Absolute Density of Each Species
The absolute density of an individual species is the expected number of trees of that species per square meter (or hectare). The absolute density λ k of species k is estimated as the proportion of quarters in which the species is found times the absolute density of all trees. Relative Density of a Species
The relative density of each species is the percentage of the total number observations of that species,
Equivalently by making use of (2), we may define
Relative density (Species k) = Quarters with species k 4n × 100.
In the current example, using the first definition, the relative density of a species can be found by making use of the data in column 3 of The relative densities should sum to 100 plus or minus a tiny round-off error. Based on simulations, Cottam et al. (1953) suggest that about 30 individuals of a particular species must be present in the total sample before confidence can placed in any statements about relative frequency.
Cover or Dominance of a Species
Absolute Cover
The cover or dominance of an individual tree is measured by its basal area or cross-sectional area. Let d, r, c, and A denote the diameter, radius, circumference, and basal area of a tree, respectively. Since the area of a circle is A = πr 2 , it is also A = π(d/2) 2 = πd 2 /4. Since the circumference is c = 2πr, then the area is also A = c 2 /4π. Either A = πd 2 /4 or A = c 2 /4π can be used to determine basal area, depending on whether DBH or CCH was recorded in Table 1 .
The first step is to compute the basal area for each tree sampled, organizing the data by species. This is the most tedious part of the analysis. A calculator that can handle lists of data or a spreadsheet can be very handy at this stage. For the data in Table 1 , the basal area for each tree was obtained using the formula A = πd 2 /4. For trees with multiple trunks, the basal area for each trunk was computed separately and the results summed. (See Acacia in Table 4 .) Next, determine the total cover or basal area of the trees in the sample by species, and then calculate the mean basal area for each species.
2 Be careful when computing the means as the number of trees for each species will differ. Remember that each multi-trunk tree counts as a single tree. The absolute cover or dominance of each species is expressed as its basal area per hectare. This is obtained by taking the number of trees per species from Finally, calculate the total cover per hectare by summing the per species covers.
Relative Cover (Relative Dominance) of a Species
The relative cover or relative dominance (see Cottam and Curtis, 1956 ) for a particular species is defined to be the absolute cover for that species divided by the total cover times 100 to express the result as a percentage. For example, for Eucalyptus, Relative cover (Eucalyptus) = 79.9 m 2 /ha 99.0 m 2 /ha × 100 = 80.7.
The relative covers should sum to 100% plus or minus a tiny round-off error. Note that the relative cover can also be calculated directly from the transect information in Table 4 .
Relative cover (Species k) = Total BA of species k along transect Total BA of all species along transect × 100.
For example,
Relative cover (Eucalyptus) = 6718.4 cm 2 8323.7 cm 2 × 100 = 80.7. The Frequency of a Species
Absolute Frequency of a Species
The absolute frequency of a species is the percentage of sample points at which a species occurs.
Higher absolute frequencies indicate a more uniform distribution of a species while lower values may indicate clustering or clumping. It is defined as Absolute frequency = No. of sample points with a species Total number of sample points × 100.
For example, Absolute frequency (Acacia) = 4 5 × 100 = 80%.
Note that absolute frequency is based on the number of sample points, not the number of quarters! Note that the total will sum to more than 100%.
Relative Frequency of a Species
To normalize for the fact that the absolute frequencies sum to more than 100%, the relative frequency is computed. It is defined as
Relative frequency = Absolute frequency of a species Total frequency of all species × 100.
For example, Relative frequency (Acacia) = 80 240 × 100 = 33.3.
The relative frequencies should sum to 100 plus or minus a tiny round-off error. What is the difference between relative frequency and relative density? A high relative frequency indicates that the species occurs near relatively many different sampling points, in other words, the species is well-distributed along the transect. A high relative density indicates that the species appears in a relatively large number of quarters. Consequently, if the relative density is high and the relative frequency is low, then the species must appear in lots of quarters but only at a few points, i.e., the species appears in clumps. If both are high, the distribution is relatively even and relatively common along the transect. If the relative density is low (appears in few quarters) and the relative frequency is high(er), then the species must be sparsely distributed (few plants, no clumping).
The Importance Value of a Species
The importance value of a species is defined as the sum of the three relative measures:
Importance value = Relative density + Relative cover + Relative frequency.
The importance value gives equal weight to the three factors of relative density, cover, and frequency. This means that small trees (i.e., with small basal area) can be dominant only if there are enough of them widely distributed across the transect. The importance value can range from 0 to 300.
For the data in Table 1 , even though eucalypti are not very common, because of their size they turn out to be the most important species within the community. Comment. Each of the measures that make up relative importance may be calculated without knowing the absolute density of the trees at the site (review (3), (4), and (6).) In fact, any estimate for the absolute density of all species leads to the same relative densities for each species. Consequently, the actual value of density of the plot is not needed to determine relative importance. However, in most studies, absolute density is one the parameters of greatest interest. Because of this, there have been a number of different methods to estimate absolute density from point-centered quarter method data proposed in the literature. In the next section we explore one of these and others are discussed in Appendix B. Whichever method is used, relative importance is unaffected. It has been shown by Pollard (1971) that the estimate of Cottam and Curtis (1956) of λ in (1) is biased.
3 Nonetheless, this estimate appears widely in the literature and, so, has been used here. Another drawback of the estimate in (1) is that no confidence limits are available for it. The next section addresses both of these issues. Pollard (1971) and Seber (1982) derived an unbiased estimate of the absolute population density using point-centered quarter method data that we now present. It also has the advantage that it can be used to determine confidence intervals for the density estimate.
Population Density Reconsidered
Intuition
The discussion that follows is meant to inform our intuition and by no means constitutes a proof of any of the results, which requires a substantially more sophisticated argument. See Appendix B.
The assumption of this model is that trees are randomly distributed in the survey area. Now think of the random points along the transect as representing "virtual trees". The measured distance R ij is a nearest neighbor distance from a virtual to a real tree. As such, it is an estimate of the actual mean nearest neighbor tree-to-tree distance.
If an actual tree-to-tree distance were r meters, we could draw circles of radius r/2 centered at each tree. See Figure 3 . Notice that the circles would not overlap and that only one tree would lie in each circle. • • FIGURE 3. When trees are r units apart, circles of radius r/2 centered at each tree do not overlap and only one tree would lies in each circle.
The area of each circle is π(r/2) 2 = πr 2 /4 m 2 . Since there is exactly 1 tree per circle and since the circles don't overlap, the density is 1 tree per πr 2 /4 m 2 , or equivalently, 4 πr 2 trees/m 2 .
The observed point-to-tree distances R ij are the estimates of the actual distances. So π(R ij /2) 2 = πR 2 ij /4 m 2 is an estimate of the sample mean area of a circle occupied by a single organism. Using the 4n area estimates along the transect, an unbiased estimate of the mean area occupied by an organism is
Note: For this estimate to be unbiased, the denominator is one less than the actual number of observations, i.e., 4n − 1. The density is the reciprocal of the mean circular area.
FORMULA 5.1. An unbiased estimate of the population density λ is given bŷ
where the units are typically items/m 2 . Multiplying by 10, 000 yields trees/ha. The variance is given by
EXAMPLE 5.1. Reanalyze the data in Table 1 by calculating λ using Formula 5.1.
Unlike in (1), remember to square the distances first, then sum. The density estimate is 10, 000λ = 10, 000
10, 000(4(20 − 1)) 100.71π = 2402 trees/ha.
This estimate is about 1% higher than the earlier biased estimate of 2380.
Confidence Intervals
Confidence interval estimates (see Appendix B for details) for λ may be calculated in the following way.
FORMULA 5.2. For n > 7, the endpoints of a confidence interval at the (1 − α)100% level are determined by
where z β is the standard normal z-value corresponding to probability β. In this example, the number of points is n = 15 and the number of samples is 4n = 60. Therefore, the density estimate iŝ
Since the number of points is greater than 7, confidence intervals may be calculated using Formula 5.2. Using Formula 5.1, the point estimate for the density
The units are changed to hectares by multiplying by 10, 000. Thus,λ = 2161 trees/ha while the confidence interval is (1669, 2778) trees/ha.
Cautions
The estimates and confidence intervals for density assume that the points along the transect are spread out sufficiently so that no organism is sampled in more than one quarter. Further, the density estimate assumes that the spatial distribution of the organisms is completely random. For example, it would be inappropriate to use these methods in an orchard or woodlot where the trees had been planted in rows.
Exercises
1. The following data were collected in interior Alaska by Hollingsworth (2005) . The data are the nearest point-to-tree distances in meters for each of four quarters at the first 25 points of 724 sample points. All trees were black spruce, Picea mariana. Estimate the tree density and find a 95% confidence interval for the mean. [Answer:λ = 7037 trees/ha with a 95% confidence interval of (5768, 8551 In Section 1, we indicated that the point-centered quarter methodis both efficient and accurate. However, as Díaz et al. (1975) note, in many situations there is a discrepancy between the behaviour of the real world and the way it is assumed to behave by the model. Thus, reliability and accuracy have not only a statistical component but also a biological one. Most real-life sampling situations violate the assumptions of the underlying models of sampling theory and can render those methods invalid. In such cases, the results may bring about misleading conclusions. In addition, sampling in some environments, such as coastal areas, can be severely constrained by practical considerations.
The material in this section addresses some of these 'practical considerations' that occur in the field.
The Problem with 'Breast Height' (BH) Brokaw and Thompson (2000) did an extensive survey of the literature and found that more than half the papers that used BH did not report the actual value used. Of those that did report BH, values ranged from 120 cm to 160 cm. See Table 10 . Since the mode of the BH-values listed was 130 cm, Brokaw and Thompson (2000) strongly suggest adopting this as the standard BH-value. They strongly suggest denoting this value by 'D 130 ' rather than DBH while reserving 'DBH' as a generic term. At a minimum, the BH-value used should be explicitly stated. If a value x other than 130 cm is used, it might be denoted as 'D x '.
As one would expect, DBH does decrease as height increases. In a field survey of 100 trees, Brokaw and Thompson (2000) found that the mean difference between D 130 and D 140 was 3.5 mm (s = 5.8, n = 100). This difference matters. Brokaw and Thompson (2000) report that this resulted in a 2.6% difference in total basal area. When biomass was was calculated using the equation 
Vacant Quarters and Truncated Sampling
A question that arises frequently is whether there is a distance limit beyond which one no longer searches for a tree (or other organism of interest) in a particular quarter. The simple answer is, "No." Whenever possible, it is preferable to make sure that every quadrant contains an individual, even if that requires considerable effort. But as a practical matter, a major reason to use the point-centered quarter method is its efficiency, which is at odds with substantial sampling effort. Additionally, in Section 2 we noted that sample points along the transect should be sufficiently far apart so that the same tree is not sampled at two adjacent transect points. Dahdouh-Guebas and Koedam (2006) suggest that it may be preferable to establish a consistent distance limit for the sampling point to the nearest individual rather than to consider the same individual twice. (Note, however, that Cottam and Curtis (1956) explicitly state that they did not use any method to exclude resampling a tree at adjacent transect points and that resampling did, in fact, occur.)
Whether because a distance limit is established for reasons of efficiency [often called truncated sampling] or to prevent resampling, in practice vacant quarters, i.e., quadrants containing no tree may occur. In such cases the calculation of the absolute density must be corrected, since a density calculated from only those quarters containing observations will overestimate the true density. Warde and Petranka (1981) give a careful derivation of a correction factor (CF) to be used in such cases. In the language of the current paper, as usual, let n denote the number of sampling points and 4n the number of quarters. Let n 0 denote the number of vacant quarters. Begin by computing the density for the 4n − n 0 non-vacant quarters,r
where R m is the distance from tree m to its corresponding transect sample point, which is the analog to (1). Then
Absolute Density (corrected) =λ c = 1 (r ) 2 · CF, where CF is the correction factor from Table 11 corresponding to proportion of vacant quarters, n0 4n . Note that as the proportion of vacant quarters increases, CF decreases and, consequently, so does the estimate of the density (as it should). Values of the correction factor (CF) to the density estimate based on the formula of Warde and Petranka (1981) . Caution: Dahdouh-Guebas and Koedam (2006) propose (without mathematical justification) using a correction factor of CF = 1 − n0 4n . While this correction factor also lowers the value of the density based on the trees actually measured, this correction differs substantially from that derived by Warde and Petranka (1981) . For example, if 5% of the quarters are vacant, then from Table 11 we find CF = 0.873681 while CF = 0.95.
The Problem of Unusual Trees or Tree Clusters
Single Trunk Splitting. In Section 2 the problem of trees with multiple trunks was briefly considered. What we had in mind there was a tree whose single trunk split into two or more trunks below breast height (130 cm). See Figure 4 . In such a case, there is an unambiguous distance from the point along the transect to the main trunk of the tree. Further, it is natural to obtain the basal area for the tree as the sum of the basal areas for all of the trunks at breast height. Tight Clusters. However, other configurations of multi-stem trees are possible. A tree may have tightly-clustered multiple trunks at ground level as in Figure 5 . In such a case, the entire complex is a single individual. The distance from the transect reference point may be measured in to the center of the cluster or, alternatively, be measured as the average of the distances to each of the trunks. As in the previous case, it is natural to obtain the basal area for the tree as the sum of the basal areas for all of the trunks at breast height. (Note: This differs from the the procedure outlined in Dahdouh-Guebas and Koedam (2006) where they suggest using the central stem of the cluster. But they are describing problems with mangroves whose growth architecture is quite different than the trees in the forests of North America. The trees in question here are more similar to those with split trunks.) Loose Clusters. Tree clusters such as mangroves present significantly more complicated measurement issues for the point-centered quarter method. Even determining the distance from the transect reference point to such a tree is complicated. Individual stems may be interconnected over relatively large distances, so how does one determine which stems are part of the same individual? The researcher facing such issues is directed to a recent paper by Dahdouh-Guebas and Koedam (2006) in which they suggest solutions to these and other related questions. 
Miscellaneous Issues
Crooked Trunks. In Section 2 we indicated that diameters should be measured at a consistent height and suggested that D 130 be used. However, some trees may be crooked or growing (somewhat) horizon-tally at 130 cm above the forest floor. Dahdouh-Guebas and Koedam (2006) suggest that the diameter of such a stem or trunk always be measured at 130 cm along the stem, whether or not this is actually 130 cm above the ground.
Dead Trees. The implicit but unstated assumption in Section 2 was that we were measuring live trees in the survey. However, depending on the purpose of the survey, dead trees may be important to include. This might be the case if the purpose is to assess exploitable firewood. Such decisions should be explicitly noted in the methods section of the resulting report.
Reversing the roles of live and dead trees, Rheinhardt et al. (1997) used the point-centered quarter method to determine the biomass of standing dead trees in a wetland and also the biomass of coarse woody debris available for nutrient recycling. In the latter case the distance, diameter (minimum 4 inches), and length (minimum 3 feet) of the debris item nearest to the transect sampling point in each quarter was recorded.
Novel Applications
Distance methods have been commonly used for vegetation surveys and are easily adapted to inventories of rare plants or other sessile organisms. The approach may also be useful for population studies of more mobile animal species by obtaining abundance estimates of their nests, dens, roosting sites, or scat piles.
Grasslands. The point-centered quarter method has been adapted to measure density and importance values when sampling grassland vegetation. Dix (1961) used the distance, measured at ground level, from the sampling point to the emergence from the soil of the nearest living herbaceous shoot in each quarter. Since this was the only measurement recorded, importance values were determined using only relative densities and relative frequencies.
Penfound (1963) modified Dix's method to include a relative cover or weight component to better match importance values of trees. In particular, once the distance to a culm or plant was measured, the plant was cut off at soil level and later its oven-dry weight was determined. The relative weight for each species was determined as the total weight for the species divided by the total weight for all species times 100 to express the result as a percentage. The importance of each species was then defined as the sum of the relative frequency, relative density, and relative weight.
On the surface of it, the aggregation often exhibited grassland populations violates the assumption of the random distribution assumption of the point-centered quarter method. Indeed, empirical studies by Risser and Zedler (1968) and Good and Good (1971) indicate that the point-centered quarter method appears to underestimate species density in such cases. In particular, Risser and Zedler (1968) suggest that when using the point-centered quarter method on grasslands, one should check against counts made using quadrat samples.
Animal Surveys. The point-centered quarter method was adapted in a series of projects of students of mine to determine the densities and importance values of certain sessile or relatively slow moving marine organisms.
One group carried out a project surveying holothurians (sea cucumbers) in the reef flat of a coral cay. Transects were laid out in the usual way and the distance and species of the nearest holothurian to each sampling point was recorded for each quarter. These data allowed computation of the relative density and relative frequency for each species. To take the place of relative cover, the volume of each holothurian was recorded. Volume was estimated by placing each organism in a bucket full of sea water and then removing it. The bucket was then topped off with water from a graduated cylinder and the volume of this water recorded. Since volume and mass are proportional, the relative volume is an approximation of the relative biomass. The sum of the relative density, relative frequency, and relative volume for each species gave its importance value.
A similar survey was conducted both in a reef flat and in an intertidal zone of a sand island for asteroidea (sea stars) using radial "arm length" instead of DBH. Another survey, this time of anemones in the intertidal zone of a sand island was conducted. Since these organisms are more elliptical than circular, major and minor axes were measured from which area covered could be estimated.
While no extensive testing of the accuracy of these methods was conducted, say against values derived from using quadrats, the use of the point-centered quarter method in each case provided at least a reasonable preliminary snapshot of the relative importance and densities of the organisms surveyed.
A Final Caution. Whenever encountering a non-typical situation, it is important to note the situation and its resolution in the resulting report. Be consistent about all such choices. Additional problem issues with possible resolutions are described in Dahdouh-Guebas and Koedam (2006, Appendix B) .
A Accuracy, Precision, and the 30-300 Rule
All biologists are aware of the importance of accuracy and precision in data collection and recording. While these two terms are used synonymously in everyday speech, they have different meanings in statistics. Accuracy is the closeness of a measured or computed value to its true value, while precision is the closeness of repeated measurements of the same quantity to each other. A biased but sensitive instrument may yield inaccurate but precise readings. On the other hand, an insensitive instrument might result in an accurate reading, but the reading would be imprecise, since another reading of the same object would be unlikely to yield an equally accurate value. Unless there is bias in a measuring instrument, precision will lead to accuracy.
Some measurements are by their nature precise. When we count eggs in a monitor lizard's nest and record the number as 9 or 13, these are exact numbers and, therefore, precise variates. Most continuous variables, however, are approximate with the exact value unknown and unknowable. Recordings of continuous variable data imply a level of precision by the number of digits used. For example, if the length of an adult female monitor lizard is recorded as 97.2 cm, the implied true value of the length is between 97.15 and 97.25 cm. In other words, the last digit recorded defines an interval in which the exact value of the variable resides. A measurement of 97 cm implies a length between 96.5 and 97.5 cm.
In most studies too much precision can slow down data collection while not contributing significantly to the resolution of scientific questions. While it doesn't make sense to measure large eucalyptus trees to the nearest millimeter or to weigh sperm whales to the nearest gram, what level of precision should be recorded? To how many significant figures should we record measurements? Many biologists use the thirty-three hundred rule (30-300) to determine precision for data sets. This rule is easy to apply and will save a great deal of time and effort. Array the sample by order of magnitude from largest to smallest measurement. The number of unit steps between the largest and smallest value should be between 30 and 300. For example, if you were collecting small shells in the intertidal zone of a beach and the largest was 9 mm and the smallest was 5 mm, the number of units steps would be 4 (a unit step is a millimeter in this example). If you recorded the lengths to the nearest tenth of a millimeter with the largest being 9.2 mm and the smallest 5.1 mm in length, the unit step is now 0.1 mm and there are 41 unit steps (9.2 − 5.1 = 4.1 mm or 41 tenths of mm) in the data array. The data set will now give you enough precision for most statistical analyses and allow for a reasonable error in recording, i.e., a mistake of 1 in the last digit recorded is now less than 2.5% as opposed to 25% when the data were recorded to the nearest millimeter.
If sedge plant heights were measured to the nearest tenth of centimeter with the tallest being 194.3 cm and the shortest being 27.1 cm, the unit step would be tenths of centimeters and the data array would have 1672 unit steps (194.3 − 27.1 = 167.2 or 1672 tenths of cm). Clearly there is more precision in this data set than is needed. Recording these plant heights to the nearest centimeter would yield 167 unit steps (194 − 27 = 167 cm) and would give enough precision for analysis while saving time and effort in data collection.
B Technical Details
This section outlines the derivation of the density estimate in Section 4 and the estimate and corresponding confidence interval endpoints in Section 5. It also discusses additional similar methods of estimating density using plotless methods.
Derivation of Equation (1)
Assume that a set of points (plants) is distributed randomly over a two-dimensional region where λ is the mean number of points per unit area (density). The probability that a randomly chosen region of unit area will contain x points is given by the Poisson distribution
More generally, start with a circle of radius r that is centered at a point chosen at random along a transect. Assume that the circle has been divided into q equiangular sectors and let the region in question be one of these sectors. Then its area is πr 2 /q. If q = 1, the region is the entire circle; if q = 4 this is the point-centered quarter method. Morisita (1954) used the term "angle methods" to describe density estimates based on this process. The expected number of points in one such sector of the circle is λπr 2 /q and the so the probability of finding x points in a sector is
Setting x = 0, we obtain the probability that a sector of the circle of radius r will contain no points.
P (no individuals in a sector circle of radius r) = e
Equation (9) is a function of r that represents the probability that the distance from the sample point to the nearest organism within the sector is at least r. Consequently, P (at least 1 individual in the circle of radius r) = 1 − e
Differentiating (10) gives the probability density function for r f (r) = 2λπrq
Therefore, the probability that there is at least one individual in the sector between distances a and b from the center of the circle is
The expected (mean) value of r is obtained by integrating rf (r) over (0, ∞). Using integration by parts and then the substitution u = √ λπ
Solving for the density λ in (13) we obtain
Using the sample meanr to estimate E(r) and the point-centered quarter method with q = 4, we obtain the estimate of the density in (1),λ = 1 r 2 As Pollard (1971) and others point out, this estimate is biased.
Derivation of Formula 5.1
The intuition used in Sections 4 and 5 was that the density and the mean area occupied by a tree are reciprocals of each other. Assume that n random sampling points have been selected along a transect and that there are q equiangular sectors centered at each such point. For i = 1, . . . , n and j = 1, . . . , q let r ij denote the distance from the ith sample point to the nearest organism in the j sector. Since these distances are independent, using (11) the likelihood of their joint occurrence is the product 
To simplify notation, denote the nq distances r ij by r m for m = 1, . . . , nq using the one-to-one correspondence r ij ←→ r (i−1)q+j . For example, r 11 ←→ r 1 ,r 1q ←→ r q , r 21 ←→ r q+1 , and r nq ←→ r nq . Then (15) becomes (2λπq
Using the nq sample distances an estimate of the mean area occupied by a tree is given by
If our intuition is correct expectation of the reciprocal of this mean area,
should be λ. To carry out this calculation, use the substitution (see Pollard, 1971 )
with Jacobian
The limits of integration for u nq are 0 to ∞ and for u m (i = m, . . . , nq − 1) they are 0 to u m+1 . So (17) becomes
So the reciprocal of the mean area occupied by a tree is also a biased estimate of λ, but the bias is easily corrected. An unbiased estimate of the density iŝ
For the point-centered quarter method method where q = 4 we have that an unbiased estimate of the density isλ
which is Formula 5.1. It is worth mentioning the interpretation of (19) when q = 1. In this case the distance from each sample point to the nearest organism is measured and an unbiased estimate of the density is given by the simpler formulaλ
Confidence Intervals and the Derivation of Formula 5.2
Next, recall that the probability density function of the chi-square distribution for x ≥ 0 is
where k denotes degrees of freedom and Γ(z) is the gamma function.
5 If we let y = 2λπr 2 q −1 , then dy = 4λπrq −1 so (12) may be written as In other words, using (12) and (20) we see that 2λπr 2 q −1 is distributed as χ 2 (2) . To generalize, assume as before that we have selected n random sampling points along a transect and that there are q equiangular sectors centered at each such point. For i = 1, . . . , n and j = 1, . . . , q let r ij denote the distance from the ith sample point to the nearest organism in the j sector. From (15) the probality of their joint occurrence is the product
Since the distances are independent and since each 2λπr
Consequently, a (1 − α)100% confidence interval for λ is determined by the inequalities
Solving for λ we obtain the following result.
FORMULA B.1. Assume n random sampling points have been selected along a transect and that there are q equiangular sectors centered at each such point. For i = 1, . . . , n and j = 1, . . . , q let rij denote the distance from the ith sample point to the nearest organism in the j sector. A (1 − α)100% confidence interval for the density λ is given by (C1, C2), where
In particular, for the point-centered quarter method where q = 4, we have
For convenience, for 95% confidence intervals, Table 15 provides the required χ 2 values for up to n = 240 sample points (960 quarters).
EXAMPLE B.1. Return to Example 5.2 and calculate a confidence interval for the density using Formula B.1. This interval is nearly identical to the one computed in Example 5.2 using a normal approximation.
Normal Approximation
A difficulty with calculating confidence intervals using Formula B.1 is that 2nq is often greater than the degrees of freedom listed in a typical χ 2 - 2nq) . Therefore, the endpoints for a a (1 − α)100% confidence interval for λ are determined as follows:
Squaring, we find:
FORMULA B.2. For nq > 30, the endpoints of a (1 − α)100% confidence interval for the density λ are wellapproximated by
For the point-centered quarter method where q = 4 we obtain
Note that the later formula above is Formula 5.2.
Further Generalizations: Order Methods
Order methods describe the estimation of the density λ by measuring the distances from the sample point to the first, second, third, etc. closest individuals. Note: The data collected during point-centered quarter method sampling (as in Table 1 ) do not necessarily measure the first through fourth closest individuals to the sample point because any two, three, or four closest individuals may lie in a single quadrant or at least be spread among fewer than all four quadrants. The derivation that follows is an adaptation of Moore (1954); Seber (1982) ; Eberhardt (1967) , and Morisita (1954) . We continue to assume, as above, that the population is randomly distributed with density λ so that the number of individuals x in a circle of radius r chosen at random has a Poisson distribution
Let R (k) denote the distance to the kth nearest tree from a random sampling point. Then
Taking the derivative of (22), the corresponding pdf for r is
2iλπr λπr
which generalizes (11). In other words, the probability that the kth closest tree to the sample point lies in the interval between a and b is
If we use the substitution y = 2λπr 2 and dy = 4λπr dr, then (24) becomes
In other words, the pdf for y is
and so it follows from (20) that 2λπR
Now assume that n independent sample points are chosen at random. Similar to the derivation of (19), we have that an unbiased estimate of the density iŝ
Moreover, from (25) it follows that
Solving for λ, a (1 − α)100% confidence interval is given by (C 1 , C 2 ), where
and
A special case. Notice that when k = 1 only the nearest organism to the sample point is being measured. This is the same as taking only q = 1 sector (the entire circle) in the two preceding sections.
In particular, when k = q = 1, the unbiased estimates for λ in (26) and (19) Check that π 
Normal Approximation
For larger values of 2kn, one can use a normal approximation. In the case at hand, 2λπ (2kn) . Adapting the argument that precedes Formula B.2 the endpoints for a (1 − α)100% confidence interval for λ are determined as follows:
Squaring, we find that the endpoints of a (1 − α)100% confidence interval for λ are
Typically, kn > 30 before one would use a normal approximation. Again note that when k = q = 1, (29) and Formula B.2 agree. For comparison purposes only, we now use (29) to determine a 95% confidence interval for the density in Example B.2. We obtain
4(52.64) = 0.1554 
Angle-Order Methods
The angle and order methods may be combined by dividing the region about each sampling point into q equiangular sectors and recording the distance to the kth nearest individual in each sector. Morisita (1957) seems to have been the first to propose such a method. 6 Let R (k)ij denote the distance from the ith sample point to the kth closest individual in the jth sector. Morisita (1957) actually proposed two unbiased estimates of the density for this situation. The first (for k > 1) iŝ
This estimate is discussed by Eberhardt (1967) and Seber (1982) . Morisita's (1957) other angle-order density estimate iŝ
Be careful to note the difference in order of operations (reciprocals and summations) in these two estimates. In particular, note that
Notice that (31) is valid for q = 4 and k = 1 (which corresponds to the using data collected in the 'standard' point-centered quarter method) and in that case simplifies tô
This equation is different from the earlier biased estimate of λ for the point-centered quarter method in (1) and the unbiased estimate in Formula 5.1. Equation (32) appears to have been rediscovered by Jost (1993) . Given our previous work, it is relatively easy to derive (31) for the case k = 1, measuring the closest organism to the sample point in each sector (quarter). The motivating idea is to estimate the density at each point along the transect separately and then average these estimates. As usual, the density is measured by taking the reciprocal of the mean area occupied by organisms near each sample point. With k = 1, the mean of the q estimates of the area occupied by an organism near the ith sample point is
The reciprocal gives an estimate of the density (near the ith point):
Averaging all n density estimates along the transect, yields the estimate
However, using (18), we find that
which means that the estimate is biased. An unbiased estimate of the density iŝ
This is the same as (31) with k = 1 or (32) with q = 4. 
Table 12 compares this estimate to the estimates with the other applicable methods in this paper. In short, though most estimates are similar, it is important to specify which formula one is using to estimate density when the point-centered quarter method is employed. Morisita (1957) suggests that the two estimates be averaged to form yet another density estimatê
and claims that all these estimates are "applicable to any kinds of patterns of spatial distribution of individuals (k ≥ 3)." Having applied the methods to a number of artificial populations, Morisita (1957) proposes the use ofλ 0 with p = 4 and n = 3 as a practical way of obtaining an accurate density estimate. Cottam et al. (1953) , Morisita (1954) Formula 5.1 Pollard (1971); Seber (1982) Equation (26) kn
0.2660 Pollard (1971) Equation ( Engeman et al. (1994) examined a large number of methods to estimate density 7 including those suggested above in (26), (30), and (31). Of the estimators discussed in this paper, they concluded that the best performing ones were the angle-order methods with q = 4 (i.e., quarters) and k = 3 followed by q = 4 and k = 2 and then the two order methods with k = 3 and then k = 2. However, notice that the efficiency is decreased in the angle-order methods since in the first case 12 trees must be located at each sample point and in the second case 8 trees.
C A Non-parametric Estimate
The distance method density estimates discussed so far have the disadvantage of assuming that the distribution of plants in the area sampled is random. This assumption justifies the use of the Poisson distribution in developing the various density estimates. However, many authors (e.g., see Engeman et al., 1994) ) suggest that plant distributions are seldom random and are often aggregated. In contrast, the use of non-parametric statistics to develop a density estimate would require no assumption about the underlying distribution of organisms. Patil et al. (1979) and Patil et al. (1982) developed a distance-based, non-parametric estimate of plant density. It is beyond the scope of this paper to derive these formulae. The latter paper revises their earlier work and the estimates we (which we state without proof) come from the suggested formulae in Patil et al. (1982) .
Non-parametric Estimates
Data are collected as in the special case of the order method described above. That is, at each of the n sample points along the transect, the distance to the closest organism is recorded (there are no quarters). These n distances are then ordered from smallest to largest. Let R (k) denote the kth order statistic, i.e., the kth smallest such distance. Next, for any real number r, let [r] denote the greatest integer function, i.e., the greatest integer less than or equal to r. Then
An estimate of the variance is given by
7 A word of caution: In Engeman et al. (1994 Engeman et al. ( , pp. 1771 Engeman et al. ( , 1773 , the formula (31) for Morisita's second density estimate using the angle-order method is given incorrectly (in the notation of this paper) as
Based on (35), they then mistakenly write (32) as Note that this estimate of λ compares favorably with those given by the parametric formulae in Table 12 and in (33). An estimate of the variance is given by Var(λ) =λ This confidence interval is wider than the one calculated in Example B.2 using parametric methods. In the discussion section of Patil et al. (1982) , the authors note that the price for a robust density estimate "is the considerable increase in variance as compared to a parametric estimator which assumes a specific spatial distribution of plants."
Truncated Sampling
For truncated sampling (i.e., when a consistent upper limit is placed on the search radius used about each sample point), Patil et al. (1979) derived formulae for the density and its variance. Using these formulae with the modifications in Patil et al. (1982) leads to the following. Let w be the upper limit for the radius beyond which one does not search. Let n be the number of sample points and let n 1 denote the number of sample points with observations, i.e., points where the distance to the nearest organism does not exceed w. (So there are n 0 = n − n 1 sample points without observations.) The data are the order statistics R (k) , where k = 1, . . . , n 1 . Thenλ
An estimate of the variance is given by Var(λ t ) =λ 
For large samples, the endpoints of a (1 − α)100% confidence interval for the density λ are wellapproximated by
Var(λ t ) and C 2 =λ + z 1− α 2
Var(λ t ).
EXAMPLE C.2. To illustrate these calculations return once more to the data in Example C.1. Suppose that the students who collected the data only brought a 1 meter stick with them and so did not search for trees beyond a meter from each sampling point. Then the data would consist of the n1 = 10 observations that were no greater than 1.0 m. Since there were n = 15 sampling points and [10 2/3 ] = 4, using (39), (40) 
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